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el
|
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=[0+ Dx2]+[([+K) x Jl+[kx (@ + ] +K)]

= 2k+(-)+(j-1)=-2+]—2k

u.-w/

BCENPER R EPTE
mv, = (M + m)V (1)

mv
M +m

B IRESRPWEN| PR KA P BEN

2.2
_1 2_1 m 2 My Vy
T=2(M+mV’ =2 (M +m)(m—v,) =S m) )

i gill die A€ jal) ddlall 8 sl = SMIAY) 8 8 aa J sl o)
w=T, =T, T, =0 «v=0
Cady s ddlual) x SlSEaY) 5 8 = ddlall x 38l = Jxddl
1 My, e mv,’
- 2
2(M+m) 2.9(M +m)

#(M +m)gs =
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V2 4 (m)2) 4aY) de jull 0o jluall 48 2ic (3)
g {' = dadn) Jiae 4giall

v, @)Y m2)
a” _ o & V o~
205 V=v,c0s45 | =—%i=0.757v,

V2
(Sleaiall 3 ) gay) o 3l dada (538 (Galad UdaY) ey

imv, (cos45") =~ i(%)(2V0)+ (%\72)

s il laid¥lh

V, = Vga/21 + 2V, ]

IV, = (Vyv,)” +(2v,)° = [2.54v,

\Y 2 i
tang= = 0 _ 3 _14-0=54"74

Ve 42y,

e Ay JS a5 3 S0 215 ) ey ppaail A8 Jads () 538 a3 (4)
waY)
P i 13 . mgh = %mv2

it v=/2gh )

A8l Jass () 938 (0)ad yY) den g

v = 291 2)

(V2 =0, v, =0 a¥la UAJY\ ) :J\JSJY\ Jalza TJ\
v _ (200" [ r_ .2
&= v = Zgh = h = h =& h

h"=g’h' =g’.e’h=¢"h 13,01 ) JS ax 1€
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h" =¢’h" =¢°h Slel Al de shial) dilud) ¢ sane

H=h+2h"+2h"+--=h[1+ 2" +2&" +--] (3)
Aluliia g gane s sa Glo Gusdl) Jad o) BS oSy
1+2<92+2<94+---=(—1)+2+2(92+2<94
= (1) +2&° +25° + 26 = (-1 + Y 267" (4)
n=0
H=h[(-1)+ > 2s°"] [
n=0
Zarn:ﬁ,|r|<1 Aowdigl) Adulutiell 483l (ya
3267 = 22 13)
l-¢
2 2
H:h[(—l)-i- 2 Z]Zh[—l-l-&‘ 2+2]:h(1+82) u}ﬁ‘\-)k‘—j
l-¢ l-¢ l-¢
) (5)
—> rvz ¢ m,
a9
m, Aa glaiall A€ Al 3Ll
1 2 1 2
T = 5 MW+ 5 MY, Q)
T:%mvfm-}-%ﬂvz th\u)M\w\m
m ..
y:ﬁ ¢ V=v,—v ¢ m=m +m, Jun asm
_ 1l pmVi My, 1 Mmoo e
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2 2 2
- L[(mlzvl2 +mm,v,*)+mv; +mm,v,

2m
:ﬁ(mlvlz(m)erszzm] :%mlvlz +%m2v22
(6)
1 2 1 2y (1..,2.,1 2
Q:(§m1V1 "'Emzvz )_(§m1V1 +§m2V2 )
:%ml(vlz _V1'2)+%m2 (V22 _V,22)
=3+ V) +5m, (V, ~V ), ;) @)
_ia;j PO\ = AP E
m ¥, +m,V, =m,V, +m,V,
m, (v, —V})+m, (v, —V}) Iy
Ol e
4 m 4

Vl_vlzﬁz(vz —V,) 2)

1
O 2 (1) Habae (8 (2) Aolae (sl g2y
Q =3, (V5 ~V,)[(V, +V5) — (v, )

Glasi v —v g AVu V) v Ju pasel

' (m —em,)v, +m, (1+¢)v,
! (m,+m,)

V

@)

v,' =[m, L+&)v, +(m, —em,)v,]/m +m,))
O 225 A8l 038 (g v, Ja s s2illy

vy = my (v, =V, )(A+6) _ mV(1+e)
2 2 m, +m, m, +m,

4
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(v, +V,) = (v, +v)) = (v, =V, )1+ ¢) =V (1+¢) (9)
e Jianil (5) ¢ (4) ilales Ay (2) Adlae b (n g2
m,mV (1+¢)
=2 LT (1t e
Q 2(mm,) 1+¢)
ZyV Q+e)l+e) = yV 2(1-£%)
Openalldpill de pull Vo =y, — v, dus
75
l sl o 30 i 3588 (7)
Y 1- ' '
v, =0 @ m, Smy, =myv+m,v,
! m !
@ m, v, =V, —Fivz 1)
m, 22 m , My 12
% v,o =V, —ZFivlv2 +(ij2) (2)

2 12 12
%mlvl = %mlvl + % m,v, (3)

isle Jeandl v) B3a (2) Aalea (e i g2

)2 12

2m
m, [v,” - A +(
1

1 2_1 1.2
2™ T2 I3 mavs
:";i aa laidll &

,_ o 2my, 2my, 4)
25 m +m, m

pabail) aay N LT A A8 = AT =T, - T} Js¥) pneall 81 5 Ludl
359




1 2 1 2 1 ’2
AT:TI_TIZEmlvl —Emlvl :§m2V2

2 2
_ 2m, mm, v, _ 2m, u v, 1 .(2m1v1 2 _ 2mm, V()
(m, +m,)(m) m 22 m m,
2
£:(2ml,uv1 )/m: 4y/m \J\
LT dmy
v (8)

A N5 48Y) Glalas¥) 8 adll ax ) Jada ) il

m, Vv, =m_ v cos45+(4mp)v,, cos ¢

V, = (vf,/x/i)+4v; CoS ¢ (1)
4v., cosg=v, — (v, /V2) (2)
0=m_ v, sin45—4m v sin ¢ 13)
4v.sing=v' /N2 (3)
(sl et aaall (), (2) catlabeal) a3

16V > =v,* —V2vv) +V7 (4)
;‘"S.Iaa..\" 4aallal) Jass ddalag

% myv,’ = % m.v.? + % (4m )V, ? (5)
a7 = vt -7 (6)

(6) Uolea & (4) Ualea Jas
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0=-3v," —V2v,V, +5v/° 7

J2v, £4/(2v,%)+60v, >
g = Y200 £ (2%) + 0% =0 (/27/62)=0.929,
P 10 10
tan 45 =1 s¢b 555l amen ol jad¥ olas¥I Ll
0.929v,

(v,), =0.929v, cos45= =0.65v, ; (v,), =0.65y,

V2
S (6) Ahlae G v, 2

v, =5 —vp)* = - (0.929)] = [0.185v,

(2) Ualaa e (3) dolane danity o203 () aend il i) ol Ll

v, V2 0.9288
tang=—" = =1.91= $=62.41
? Vo -V, /V2) 2-0.928 ?
__sin@
tan¢1_7/+c030 ©)
m
3 4 =45 p——n 1 .
) ¢ =45y m, =4 BN
_ sin @
tan45 = (1/4)+cosé
__4sing — Aci
—1+40050:>1+40039 4sin @
Ol a3 o x =cos@ of L 8 136 sin®@+cos’@=1 of Cuag
1+4x=4V1-x’ (1)
1+16x° +8x =16(1—x°) (1) alae Ak 2 g
+ . [(2)2
32x% +8x—15=0= x =2V () 622(15)(1) —-0.125+0.696 = 0.571

Bala dysl ) @ O5S B ) g can sall 3A)
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cos @ = 0.571 — |@ =552

ol 223 (Q # 0) Gl e pabiaill s 8 (10)
m - .
y:m—z[l—%(1+ml/m2] ¢ =1p-51%-o03015

tang=—SNO__
¥ +C0sé
. / 2
= 03te0s0 = 10y T 03X

0=571.3 b il Ja g a5l

(11)

(y—0) = S8 <l il 4 ) )
B CEN IPERS B EL APt

P, =P/cosé+ P, cos(y — 9)} 1

0="P/sin 8- P, sin(y —0)

W i (1) Aslae LS 5l Ay 311 () 58 a2

P, =P/cosé + P, (cosy cosé+siny sin 9)} @)

0="P/sin 8- P, (siny cosd—cosy sin &)
fas ilalaal) pen 23 1=5in° O+c0s° O Abaads g (2) lalae a3

P’ =P/% +P)* +2P/P,cosy (3)
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_ R °
2m  2m  2m

+Q

Q=5 [P* ~ (R + )] (4)
0l 283 (3) Aalas (30 (4) Uolas (b 2 53

! !

_ L [2pprcosy]= 2
Q_Zm[zPlecosz//]— o Cosy
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G Jaadll o jlad J gl

Clflaal §sSism /3 s sted alin ALK (65 IS (8 ¢ 2S00 Gl A - cilS 131 ()

RPN —

T =~

t ' | 3
4 G)Ee
(b)

ds = xdy = (b* -y’ )% dv

| > AS
V ] f—gpe— » T -—P* ’
; mjfp)(b )R dy
s 2\ Y 3
N 1 2 G L
- %er’p
-0
™
. 4b
From symmetry, x_ =—
Iz
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(c) v, The center of mass is on the y-axis.

( ds = 2xdy = 2(by)} dv
. y

_ jf2m'(by)i & fygd.v

o 1 ]
[o(y)iay  [yiay
-3
Yim 3

Z-5me o ol AN S e s B s (d)

The center of mass is on the z-axis.
dv=nridz=n(x* +y" )dz = mhzdz

Z

. _l:pzzrhzdz B Ez’dz
T f prbzdz ) fzdz

Zb
3

-
- —

om

(€)
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= The center of mass 1s on the z-axis.
a is the half-angle of the apex of the cone. r. is the radius of

the base at z=0and r is radius of a circle at some arbitrary z in
a plane parallel to the base.

r r
lana = ,— = ——_a constant

) ot 5

dv=nr'dz=nx(b-z) tan’ adz

I s | »
n=p=—ar’b=—apbh’tan’ a
m=es3 i

fp:/r(h—z)" tan’ad: 3

“em

I = f(b’z-" z"+:’)d:
Strpb tan” a

DAL S e S @l ¢y Al Gkl e dy Jshll eaic s Cua (8.2)

s Ipxdt _ l:c.\" dv
‘ IPd‘ ‘[cxdr

(8.3)
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The center of mass is on the z-axis. Consider the sphere with the cavity to be made
2 of a (i) solid sphere of radius a and mass M, . with its center of

mass at z =0, and (ii) a solid sphere the size of the cavity. with

-\ y mass =M, and center of mass at z = -%. The actual sphere with
i; the cavity has a mass m=M_—M_ and center of mass z__.

D w,(—ﬁ]unz
M, 2 -

 Zgm = a/14 A S Lo Jeasni sl Jas

(8.4)
(a)
@1=Tmk = '_;'[[g) +0+(%) 
_mb’
T 6
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® ds = rd@dr , R=rsin@

1. = [R pds
" ’ A =p[_’:r’ rdr['_'isin’odo
4

I, = p:r Fisin’OdB

[js.n‘odo=9-s'“‘9]
3
ph'(x l]
F ol il o O
4 \4 2
m=lplth’
mb’
| =—(n-2
(=2 (x-2)
xl
© 4 ds:hdx:(b——)dt
\\ - Where the parabola intersects the line y=b.
X= (by)% =+b
2 4 - ) 3
b= "(”'T]““ gl o[‘”‘ 'T]“'
4 .4
I,= b
3 4 .,
msrp(b——h—]d\'-—pb
I,-lmh’

(d)
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dv =2xRhdR

2 h=b-:z
S= y
L

l, = IR’pdv- [bszzr(bz)-% (b-:)-;—(g)sw

R ---(.\'2 -l-y’)!i =(bz)-%

|
dR = 1(2)2 dz
2\ z

) 7S | e e
I, = npb [(hz 2 )dz 6tmb
|

m= [pdo= [ p2n(ba); (b-2)3( 2] et
mxﬂpb[(b-z)zbz%xph’

LT
:=3
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(c)
z a is the half-angle of the apex of the cone. r is the

radius of the base at z = 0 and r is radius of a circle at
some arbitrary z in a planc paraliel to the base.

R
b-z

y

. a constant

R
tang =—=
h

(-z)R

dv=2xRhdR =2x zdR

Since R= (b;;)i . dR =~ %dz .and the limits of integration for R=0—- R

correspondto z=b—0

L S (b-z)' R (b-z)R. ( R
1= [Rpdv=[ S pa——z| - |de

.= +21rp£‘t J‘(b’z =32 +3b2° - )z = —'-frpR,‘b
y b 10
o2
m=p-nxR’b
p37R

I, = i mR’
10

iyl Ay i 353 pll S « oyl sl IS 2 11,1, 115 0 52 (B.5)
OsSagle 5 il e

1 4 4 (a) 7:
T m=M -M. =31m’p—§lr(§) p =§§lm‘p
y 8 1
M =—mand M_=—m
7 7
* I.=1_+1

2 W a ’
-Ma ==M (—) +1
5 5 2

2(8 ); 2(1
== —m|d" ===
507 507
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(8.6)
b LS 4 sial) A8l Jsa paiall S gl o ()5S0
I. = IR"pdv where R* =x" +y°
dv=r'sinOdrd0dé

R=x"+y' =r'sin’@
l.ct @ = radius of sphere

L= f:_'f j:_'fr-’ sin® Gpr sin @ dr d0 d¢

I, = p§ i f'§ r* sin’ Odrd6

l.= p/m [sm 0do

R
[ sin’ 0d0 = zo—COSO]

1, =— pra’
3 )
m=——ga p=-—nra
g3 PP
20 &
I.==ma
- 5
il (s 3 sie Alla L (8.7)
dv = hdxdy his the length of the box in the z-direction
L) S
: R= (,\" +y )3
r'm 1= [Ropdv= [ [7 (5 +7) phacy
. 2 2 2 . 3
B l, = ;)I:L[Zb.\" +%]d\' =§phah(u‘ +b)
2b X
a8 m = p(2a)(2b)h =4 pabh
J’
Pl m ) »
f I.=—\a +b
= 2a+p)
b =
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4 gl &l ghaly) s B

24 Again dv = hdvdy.and R=(x"+)" )}
: On the surface. ‘—+ 'V: =
a b

3
X= iu( —L,)
b.

1= [Rav= " Il-{l-ﬁ‘],:(.r’ + ") phdvdy

{%)

Sl e dians el Jsan aladiul
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) 3 1
T B S ¢ _:i: z_z;}a-nl
I(h ) ) dh 4(1) y )’+8by(b y) +8b sin

b
| 3 2 | 4 -
I(hz -y ) Yldy = -{-(h’ -y’ ) +-b8—y(h’ -y ) +%—sin ",—‘,-
al @ (3,, b* | > 23
I_.=2ph; 5 gbﬂ' i =3plmuh(u +h*)

m = ph(xab)

l, = %'-(a2 +b2)

ellipsoid (Bl adadl) aine Alla 8
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For an cllipsoid:

-\
-

dv = hdxdy .

b

o
R’=x*+y’ and on the surface, ~— + 2

2

? h=2|z|=2(.'[l-ﬁ—L

)

2
4
+'—,=|
¢

a b

..... 26 . i o
4 In the xy plane L,- +L =|

v i
.r=:tu[l—"%]!
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l.=R pdv-[: r{'-;’] (r +y)p2c[l-§—%§-]§drdj.
a

' !
2pc b a'y’ i 2 » a'y’ : [
3 :T 7 1(02—7 -X .\"(l.r+y a "—b’— =" dx

From a table of integrals:
)
3 | -

2
I(kz -x’)é x!d‘=_f.(k’ -.r’), +%(k’ - ) +£8-sin"%

[(k? -2 )>¢r=-(k I L sm"%

2
2pc v af, 2
! & - ‘[B(l b,]x+y2 | b,xdy
al 2 2 1 . 4
b (e

1, = %pxubc(a" +b')

For an ellipsoid, m = p-g-trubc .80 /, = -';—'(a’ +b*)

(8.8)
KL+ =+ =I(I'+1)
kL +P=Ild

kK’ =k +1
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I =2x |—
T,=21r‘lz
b4
adle 5 Aalal) die (3 5hall AN IS o) dins ¢ a3kl Alla A (8.9)

(a) 1, =ma’ (all mass in rim)

=ma +ma =2ma’

= - X ~T=2r Zfr\/Z
) \nga

(b) 1, =1,+1,=2l, =md (=1,.)

b
ma
=5
hJ
| S ma
ence /,,, =—— +ma’ a—mu

um. =2 3"
mga 28 g

(8.10)
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8.12
m¥, =mg-T

T I o=al
X =aw
2
. =—ma
5
.. I @ " L 8 2 .
mi,, =mg-—"—=mg -—| —ma" == |=mg -—mx__
a a\s a b
. - 5
g X, = ~ g
X

sl e Ja ¢ 55 (5 sl egia IS e Jaall g 5t ¢ sl (s ) Jeay Ladie (8.11)
mg/2

b LS R sl e Jail) o) ey ¢ sl Laaas ) o 5 Lanie Ly

38 jall Alalas

mg - R=mi_ and R% =l @

/='"_I:

ol v

2 ml® mi

377



n,

X

- I 3R
I _=—0=—
2 m
R
mg-R=m(£—)=3R
m
RoTE
4
e . ,6R 6 mg]
Y =lo=|—=—|—
g, ml m( 4
3
Yo =58

O 2 ¢ Akl lis o 68 alaaiul; (8.12)

.? .2 I .i T
—mX A —m X +—I| = | +m,gx-mgx=E
2 2 - 2 \2 - i

M XX + M, XX + = XV+m.gX—mgx=0

 (m-m)g

/
m,+m, +—

bl

a

ok LS A all Allaa (55 ¢ ol ) handl) pedand Fnadla 2 slall &) sladl () 55 Lasie (8.13)
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3

T

¢ L=2£==l;1gcos0—k
& &

my
r=a+b,so —==mgcosf~-R
Vem a+
From conservation of energy:
| ¥
mg(a+b)= -_;nn;.’_ +slo + mg(a+b)cos0

- N |
mg From table 8.3.1, / = -;mu’

~i m’+ %(é»m" )[%‘,‘-] =mg(a+b)(1-cosh)

- -

R
L~ -;:ng(l ~cosf)

a+b
When the rolling cylinder leaves, R =0:

mgcosl = gmg(l -cosé)

b LS ALl 3 LI AS sl Al (8.14)

v m¥=N,

N2 my= N, —mg
AN,
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l » ' 3
> my, += 1oy + mgy = mgy,

-écosO X= --gésino. .'i-i(o" coso+0"sin0)

-%sma jr-éécosﬂ. %(-0’s|n0+§cos0)
2 2
=2+ y -(-éﬂ'sino) +(-§écoso) =-—:),-
122 and w=b
12
5
%m,—‘- %%ﬂ’ivmgism()-mg%smo

-’59' = g(sin@. ~sind)
0-[-3%'(sin0,-sin0)]3
.al 2£ i - $i % 3_2 = ._l& .
0 2[ - (sin®, sma)] ( - ]( cos?)é - cos@
N, = mi = -L;-{[cosa(gf](sino, -sina)+sin0(-%§-]cos0]
cade s N, = 0 OIS 13 3Y Y1 daaay

siné_-sinf - -:-sina =0, @O=sin"’ (%sinﬂ.]

0583 ¢ Os? O o) GBS 7z axidlla L (8.15)
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mxX = ~mg sin @ - umg cos

¥=-g(sin+ ucosh)
; S oy -

Since acceleration is constant, x = X/ + e

g’ .
X=vi- 7(sm0+ pcos)

"
Meanwhile (pumgcos@)a=lo = §mu’a)

n.,_gygcoso
2 a
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&u\ﬂ‘ Juadll oy jlad

9.1 (a)/, = I(,\"‘ +zz)¢lm
dm = pdxdy and m=2a’p

L= [ [0 +0) pay

; = fZap_v’dy
E 2 , ma
) ] =—pa =——
| ol ke
' ;' ...... " =u »du
!/2” l. = I(.r: +2")dm = f.o [o x* pedvdy
€ a L R
X _ I 8a p(/_\’
b 3
I.im 8a'p _4ma
W 3 = 3

Sl e Jean saaaial) | slaall d ki e
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Sma”

AR Y I

1, =1, =-I.rydm=-l:-o [-o xy pdxdy
44
—

I e ...

w vz pu 2

l.=1,= -Ixzdm =0=1_=1,

~
(b)cosa=7"5-. cosﬂ=—J?-. cosy=0

1242 (ool -2 ) 55)

=—ma’
I5

(¢) @ =(o(fcosa +}'C()sﬂ)=“j_‘)§.(2}+j)

i 20 ma’ w ma ma w 4ma’
=i J
o3 T J' 2 75‘ 3

(l)l"ll ( )

-' w (l)l"(l

T--w _7 ?‘7;-(" ")=—mu o’
(d)
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(9.2)
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(a) = i+ j+k
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9 2 ]
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(cos’ @ +cos” f+cos y)= 3 ma

o eaall (pia Jss Asnall Jila o SN XydM\&&w\d}mu\ﬁ_\%
lyy=Ixx o5&
b b e Juan ¢ saalaiall ) glaall 4 s alasiindy
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(9.3)

2]
,lan 28 =
I -1
o »
ma’ dma ma’
l, = A, = o g T
3 3 2

tan 260 = |
20 =45 6=22%

X Jsne gada 3225 b jlaie dyl ) pheay ¢ il | - gaall o 6l

(b)
il Dsaall 05Sh5 Gl N gl e Asieall ¢ Y 43 g0 Al slaall 55 Jiladll
. Ja¥) Ak vie Aagbiall sl e Jaalatia CAll
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13 | ~
mr ? » 5 :
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I,=% a’ +(3a) ]=%ma. Y
mr ,'/-----“ ------- )
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PAS ) Al ) 5Si - ale

113 , @ 10 , 40" 5 , 9°
= =Nl =N ———t— N —
12 14 12 14 12 14
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=—MnNua W
4

(
b)
l..=é[9—ma!- s )-l»e [Bnu;:-z_w]...é (i"’u-’_ 3(0]
Na™ el 2™ Re) % a2™
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L= IZJI—4(|3e'+20e3+l5e")
cosp < B-L __[(N03)+(2)(20)+(3)(15)]
LI (2 420 43 (137 4207 1157);
- 09295
(11.116)
0=216
(9.5)

Jsb e Gaiy 3 saally ¢ i) Caiatio vie @ Jua) Akl Camg dgut ) slaall Jlias
JSall 8 LS ) il
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(b)

agle 5 (163 ): Apati ) slaall (5 glsa (A 0S5 ¢ JREN (e

2
ml
L=l,=—, 1,=0
B
@ =w(ésina+eé cosa)
ml? .ml’w .

L =Fw(é, sina+0+0)=¢, sina

(1) i) gnall olail (8 &y g 51 a3 3l asia ol 6l

Ol ¢ Al Ayl de ) o L

N, =0+0

. I
N, = 0+((0C()sa)(1usuna)[%]

N;=0+0

bl bl
ml w

N =¢, sina cosa
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ale 50 (2) el saall ool & a2 90 381 4aie of )

> -
ml w
12

sina cosa

|N|=

: (9.6)

O 2 ¢ (9.4) Al (4
@ = 7%(&, +2¢, +3¢,)

4 =Bmu / -I—O-ma and /| =->—mu
12 12 12

”I(I ma’ (l)

N, 0+—(2)(3)—(S- 10)=-

()
(4)

N, 0+—(|)(2)—(10-|3)--— =

|h-/|= ma (0 (51 4412 )2 Im;:) \/4—2

IN(I ma a)

N, 0+—(3)(|)—(|3 5) =

OV i i Al e wg¢ wy g @ Jbis) Sk G s (9.7)

0= 1o, +oww(l,-1,)

0= l0.0, +oow(l-1,)
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0 = 1,0, + 0,0,0,(1,-1,)
Adlaly g
0=l 0w +l,0.0,+ 0w,
O s

dr

-

0= i[%(l,w,’ + 1,03 + 1w, )]

‘U\Lﬁ\

d
0=—|T.]

T, = constant
‘é_\u}\@m‘ qugj\j\esj\@fd\a@\;
poe dS il e bl ¥alas G
lo,. Lo, and lw,.

0=/ o+l oo (l;-1.)
0= oo, + Lowwo,(l,-1,)
0 = ljoyw, + Lww,o,(1,-1,)

2Ll

0= 1o, + 1500, + 1] dw,

Ol Ao

l d h bl * > b 2
0= El—l;(l, w, + 1 w; + I,'m;)
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Kl

4 7
0=-(1’
dl( )

L = constant

9.8)

o LS Sl ol ¥l graai ¢ all gl sall Al
0=10+o,0,(l,-1,)
0=l0,+ow0,/ -1,)
Baalaiall ) slaall 4y ks alasiinly
y=hL+1,
‘_A‘ )ngiab‘ﬁal.udjjiw\_jcj
0=l +w,wl,
0=/l0,-0wl,
dasic @, /I, el Aplll Asledll o Sy @y /1 @ V) Aaladdl o juiay
e

0 = w0, + w,0,0,
0 = w0, - 00,0,
O aa ¢ Guilalaall B 2Ll
| d

. . 2 :
0= 0,0, + 00, = —— () + @] )
2 dt
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2 2
W, +w, =constamt

K1)

b La aed LGN L ol Adlea ol
(7,0, =0)

8] Lﬁ‘

W, = constant

9.9)
el il ki e cIg =05, L= =10 O s Sl g
IL=5L+1,-1;=2I

b LS Gl ey (<3 LS

Q=(2-1)wcosa

¢ ade

L83 dss wiasl A pull Qlll H Sl Ty Cus
ol LS Gl ) 3l eyl (o5
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T, =27”= 0.45=0.632s

) SN anl gsme don 85 L Bia T, s

(b)

I =1z=’=ﬂ[a?

Y 17 mad®
12

T TR
6 16 12

(225 T

(9.10)
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4 3 i It .
pa sl asie g Mol il [>T - f<a olwe tanf = T’“ N

N

tana —-tan @

tmla-0)=
( ) |+ tanatan@

‘4:\35‘5

1]
|-— |[tana
I.I

l+—tan’ @
/

-0 =tan" (7, —l)la:ta
I,+/tan" a

tan(a-8) =

394



(9.11)

. 1 L .
a -6 isa maximum for 7 d maximum,

/ tana
For ~=2. tan(@-0)=————
/ 24tan a
dun(a-0) | 2an’a 2-tn’a
= N S 3
dtana 2+tan‘a  (2+mn‘a)  (2+un’a)
. diun(a-6 x
At the maximum, —u =0=2-tan"
dtana

a=tan'V2 =54.7

lan(a-O)S& -

|
4

a—Hsmn"[—
4

2
4
=[9.5°

9.12)
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! (a) From Problem 9.10. for /, >/, the angle between @ and L is ...
I, =1)t
a-6=tan"' i5={jad a?a
I.+1un"a
From Problem 9.9(a), /, =2/ and tana =tan45" =1

a-0=tan™ l = lan '%-I84

(2+1)
(b) From Prob. 9.9(b). 1, = md’ and 1 =1 .ma’
12 16 12
a—():lan"( lb) = ——-l70

m

O and ¢ qill Juadl) 80 )5 WS¢ () slad daily  (9.13)

a=02" and !I- =1.00327

. 1, > 1, the angle between @ and L is:
a~-0=a-tn '[—,{- mna]
For a so small,

tna =a . and tan '[Lmna]tlilanatl—a

a-()aa-l—a=l"—-lu
5
-0 = 00327 0.2 = 0.00065 arcsec
1.00327

St Bl Hsan g Hpalll oo 6K ¢ b okl JKAI il ghan) Gl ) Jliels (9.14)
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mf2)
I 2 =mb"

—> b (e

\V

b LS Bl ) e e Lo gae s AN S e s Hsae dsa (FIA) ) sl a3 055 LS

b

2 a [h u']
l,=m|——+—|=m| —+—

4

12 16 12

OF a3 &) gl slaall 3y Hlas aladinly

I=Ir+m(ﬁ] =m -h—-'&1
2 16 3

058 ade
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2 5 AMgll
l}

(u] by &

Admg| — |m| — +—

2 16 3
m'h*

64

satdf (L 2)] - sfomon e W,
b'l 216 3 (1) 2 16 3

S$218.29rad s =2910rps

S

S’z

Al Juail) ¢y el sl
(10.1)
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V =mgz

/ =?_Iz-m(.\"3 +)"3+'2?)

L=T=V=_m(¥+5+£)-mgz

. oL . oL .

— =MmMX. ——=my, —_—=mz
ox &
d(DLJ - d( oL d[aL] B
—|=——|=IX. —| —] Ry — — =z
dr\ ox di\ oy dt\ 0z

oL ¢éL

—_—=—=0, — =-mg

ox oy

a_dfa)_,
. aq‘ dt\ 0q,

mi=0. mx = const

my =0, my = const

mz =-mg

(10.2)

(C‘)ﬁd\@\))@w\ckud\dm\ﬂﬂ\cﬁﬁ:ﬂb‘f

X
®=—
a
; ; X 075 i
T=lm.i"+lla)' =—l-m.v'r'+-l—(-2-ma')(£) = —mx’
2 2 2 2\5 a 10
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V =—-mgxsin@

L=T-V= llonu": +mgxsiné

ot ‘T . d (GL) T -
—_—=—mX. —| — |=—m¥
et S dt\ 6x
oL .
—=mgsinf
o g
P :
= m¥ = mgsin@

S
X==gsind
Y 7g in

(@) (10.3)

TN .
T= me’ +me2 =mi’ and V =-mgx

L=T~V =mx" +mgx

—aé- =2mx _t_/{@_L) = 2m¥
ax ' di\a) =
E =mg
2m¥ = mg
= £

2
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T =mi’ +%m’.i’ = (m +%)iz and V =-mgx —(;»{Jg% = —mgx _%x’

m'\ ., mg ,
L=T-V=m+—|X +mgx+—=x
(”1 2 ) 21

a_L-_-(Ztn-l»l)r').\". i[‘a—L')=(2”’+m'):‘:
ox dr\ Ox

L m'g
— ‘e —
-=mg+=

i\ & m’
(2m+m')¥=mg+ Tgx

[ +m'
i=§(m +m\')

I\ 2m+m

(10.4)
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my .
m:
ms;.

Ny .

S i) e Ll dalaall SN a8 g0 ()5S
X, + X,
L =x +x,
ly =X, + X,

-g[m, (x, +x)+m, (/= x, +x,)

+my (b =x, +x3)+my (L =x, +1, ""1)]

= .li[)n‘ ('f‘ a 'il )2 +m, (“.i" + .\.'2 ).‘

+my (—%, + %) +m, (—%, - % ),]

sl e QY Ay S5

L=T-V= %m, (%, +x, )2 +%m2 (=%, +x, )2 +%m,(—i‘2 + X, )2

- % m, (=%, - X, )1 + g%, (my —my )+ gx, (m, + my —my—m, )+ gx, (m; —m, ) + con:

oL

—=m, (.i] +.i2 )- m, (-‘il "'-i'z)

=)

= (m, +m, ).i, +(m, —m, )jr

d oL

——=(m, +m,) X, +(m, - m,) %,

dr 0x,

oL
o =g(m, —m,)

(my +m )X +(m, —m. )%, = g(m, -m,)
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ax__.—.m'(x,-i-x,)i»m,(-x,+x,)-m,(—.t,+.t,)—m,(-x_,-—x,)
—=g(m +my=m;~m,)

2

(m, = m, )5, +(m, + my+my +m )3, +(m, = m) 5, = g(m +m,~m;~m,)
aL

&_'1 =my (=% + % )-m, (=5, - %)

2L - g(my-m,)
ax,

(my =my) %, +(my +m, )% = g(my=m,)

For — m=m, m,=4m, m;=2m and m, =m:

S, - Im, = ~3mg . %= .:.(g, -2)
=3mX, + 8m¥, = m, = 2mg
~mX, + Im¥, = mg . ¥, =§(.?: +z)
--.r +—g+5X% -l" -l =2
? 4 T3 38 g
8 .
15 5% AT

O a2 gaall (i yiy (an s2illy ¢ e
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m,: r',+.'tz=-||g
& i il

"" . —.‘l + .‘-2 = 'I_I' g
ORI

my: g edh =g
o i 5

(10.5)

S sl e Al s S0 ey (55
vi= ¢ +x7 420 cosd

dale 9 ¢ b A g3l 58N Ao ) (a4

| | ). ..a
T=—mv+—I0" +— M
2 2 2

O 2 ¢ Y3 Qe sl Al

X 2
- - )
s w=—., [|=—ma

a
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i m( X + ¥ + 2% cosO) L Ly
2 5 2
V =-mgx'sin@ . for ¥ =0 at the initial position of the ball.
7 b = .Y - %
L=T-V= -;-m(.i" +;.i'" + 2xx cos&] + % MY + mgx'siné
. S (. : TN V- v
— = —mx +mxcos@, —| — |=—mX" + m¥cosd
&' 5 di\ox') 5
oL :
— =mgsinl
ax’ -

(S ;
;m.\' +micosd = mgsinf

- W -
h =7(gsm0-xc050)

% =mx+mx cosO + Mx . 5{-[ %‘) =(m+ M) ¥+ m¥ cosd
o .o
Ox

(m+ M)%+mi'cos@=0
(m+ M).’t'+;mg sinfcosd - ;m?cos’ 0=0

¢ = Smgsinfcosd
" Smcos’O0=T(m+ M)

(10.6)
o yugeSidde g x éJMM‘S&mMQM‘é}AO‘QZﬂcdéﬂ‘dm‘gé
(o LaS aeal)
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2 .

b
vVi=Xx"+ .1"(02

|
T=—m’=
)

-

V = mgxsin 0 = mgxsin wt

| .2 Y 2
';"l(.t +X w )

bops :
L=T-V = - m(.t + o’ ) = Mgx Sin wif

oL . d (aL ] -
-—= X, o] —— % X
ox dr \ éx

oL

b J -
—— = MNX@ - mg sl
ox

mx = mxw” —mg sin @t

¥-w'x=-gsinwr

(10.7)
g Ialaia Ol gall jgaa (9SO i ¢ )93 (Alaal all (5 gla (B aseal) dS 2 AG s
A8 Al ol (5 gla

"M =Ko @ L Ae sl ¢ xy s st B AS Al sda ) G il
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V=V +@OXF =(l:x'+jj})+k.a)x(it+jy)

v i(.v'r—wy)-i-_}'(jwwx)

T %,m;. > -_-%'(j? - 2wy +@ Y + Y + ijwx+w’x’)
L=T-V

oL . d (oL - ‘
—_—=nlx—wv). ——l=mXxX—-wy).

ax ( v) m(ax) ( »)

—=m(yw+o’x) 2
ox ox

m(¥-wy)= m(j;w+ w'.\')-%

F, = m(f = 2wy -w’x)

a_L""( '+ wx) B =m(j+wx)
av AT dr\ oy G £

i['-=m(—.ira)-t»a)’y)-fa-;—,-
' dy

m(y+wi)= m(—.&w+w’y)-.‘1/.

F,=m(i+2wi-ay)
(=0 Ay = 0 eI ga ) Gualdll Juadl) iy slaa ga 4 laally
F = ma +2maex V' + mi x (@ x ')
F= m(f.'\’+ji’)+ 2mwlfx(f.i+])")+mwlix[wk.x(in»}y)]
F,=m(i-2wy-w'x)

F,=m(y+20i-0'y)
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(10.8)
OsSadale g ¢ Ologdll psaa Z- e Jlisl
\7=i'v'+(bxi'"=(i\"+}'j»+lfz')+mlix(i.x+]’y+l§z)
\7:1':(.\"-wy)+j"(_\"+w.t)+k-z'

Vocoe -~ - - ’ .
T=-mv-v=3 ¥ =2iwy+ e’y + § + jox+ @’y + )

2
L=T-V
a—":m(.i-a)y) i(a—l')xm(.i‘-wj').
ox dr \ ox

oL . av
e m(yo+o’x)- s

s g s TN
m(¥-wy)=m(yo+wo'x) =
F,=m(¥-2wy-o’x)

iL—:m( p + X ) i(i]zm( y + @x)
» Y rax), i\ o Ll

X m(-.im-l»w’y)-ﬂ-
oy oy

m(y+wx)= m(—.i'w-l-w’y)-%

F,=m(j+20i-0’y)

oL . d[aL) . oL oV
—=mI. — —tmZ, — I e c—
&2 dr\ &z oz oz
mi=s——=F.

& -

408



F = ma' +2mdx V' + mix (@ xF')

15=m(i’r‘+]}i+f;")+melix(bh]y-kiz‘)wnwix[mfx(injjw»iz)]

F,=m(¥-2wy-w'x)

F o= m(_ii- 2wx -(o"y)

F, =mz

mi =mi* —k(r=1)+mgcosO
L inrd
a0

& (mr’()) =-mgrsin@
dt

(10.9)
r=Sm(? +rd’)

Vv =12k(r-l, )’ - mgrcos0

L=T-V =%1(r2 +r’(5")-§-(r-l )’ +mgrcosé
L . d[aL) ;
—=mr. —|—=|=mF

: dr\ or

a—; =mré -k (r=1)+mgcost

-g—; = —mgrsinf
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(10.10)
V= jut +10(icos6+ jsin6)
=ilfcos@ + j(ar+10sin0)

T= —;-m\" = %’(I’()’ cos’ O +a’t’ +2arl0sin0 + 1’0 sin’ 0)

V =mg(%m2 —lcosﬂ)

L=T-V= -'g-(l’ﬂ" +a’t’ + ZutlésinO)— mg(a:. -IcusO]
a—lf =ml’ 0+ matl sin@ . il—(-a—l'—] =ml’0 + mal sin 0 + matlf cos
o0 dr\ 80

i = matl0 cos 0 - mgl sin ()
o0

mi*8 + mal sin @ + matlf cos O = mail cos 0 — mgl sin 6
a+g

0+ sin@=0
ale e sinh ~ 0 il aladinl (Sa 3 praall GLAAN Al
6+2289-0

2x ’l

L Narx
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(10.11)
OS5 ¢ g S oall Jaall s b

S e dians ¢ 4y &I clilaaly) aladiuly

s e .
V=@ 4+ sin 0+ °0°
m

L=T-V= : (#? +r"¢.’sin’0+r’0")—l’(r)
\
—=mr, %(%} =mr ., z—f_' =mrg’ sin’ 0+ mr0’ -%
mit = mrg’ sin’ @ -mré’ = F,
;2 ) e : o
2 =mré, %(3—2} =mr 0+ 2mri6 . %=mr'¢2 sinfcosé@

mr’0 + 2mri6 = mr’@’ sinl cosf =0
oL 2: . 3

—=mrgsin’ 0,

3 ¢

di(-g%) - mr’} sin” 0+ Zmrr"f' sin’ @+ 2mr'¢.0'sin Ocost
(]

o¢

mr’@sin’ @+ 2mrigsin’ @+ 2mr’ $0sin O cosO =0

(10.12)
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Since # = a = constant, there are two degrees of freedom, r and 6.
v, =F,v, =r¢sina
1 T A
T=—mv'= —m(rz +r ¢ sin a)
2 2

V' = mgrcosa

L=T-V= L;l(i" +rg sin’a)-mgrcosa

aL . ll(aL) o4 aL 32 - 2
—_—= —| — |=mF, — =mr¢ sin” @—mgcosa
or dr\ or or
mi =mr@’ sin® @ -mg cosa
oL 33 o8 oL
—=mrgsin a, —=0
0 ¢ co¢
di ;.
—|\mr'gsina)=0
—(mr’dsina)
mr’@sina = £ =constant
mi":—',-mgcosa
mr
. d . dr. | d .3
Fe—p=e—f=——F
dt  dr 2dr
m 2 (! dr
?d(r )=;;T-mgcosadr
mi’ ¢

> =- Py -mgreosa +C
mr

. AUaill 10 6L Ji cull C Cam
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(10.13)

V =mgz T:%m(i? +y +1)
p. =—=mx, i=Le similarly, jr=£5— and 3=£=
ox m m m
H =T+V=2L(p: +pl+ p.,’)+mgz
m
oH _p
ap, m
ﬂ =0=-p,, p, = constant
ox
P, = i(m.\") =mi=0 similarly. p_=constant , or my =0
!
i
op, m
O0H _p, .
. m
ﬂ'l.-m ==p p =i(mz')=mz'-—mg
a e Todt
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Lol Jsill () (10.14)

V =-mglcos@ T =-,l;ml’0'2
or 5 .
=—= l 0. 0‘—%‘

Fe o0 " ml’
H=T+V=—"%-mglcosO
2ml

M Pe)
dp, ml

g—z =mglsiné =-p,

(b)
=-mgx -mg (/- x) =%m,.i”+-;l,-m,i'!+-;-lx—; |
2 a
-g-(m +m +L).i x= P
ox A -( l]
m +m,+—
a

2

H=T+V = P 7 —(m, —m,) gx-m,gl
omem )

m +m, +—
a

oH p -
% (m, +m,+—I,—)

a
an

ro ==(m-m)g==p. p=(m-m)g
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) mhand) e analldS a0 (C

V =-mgxsin@ T= %m.i!

= —= X i=L
£ ox ' Com
H=T+V =t ~mgxsin @

2m

P
@ m
%tli =-mgsinf=-p, p=mgsin0

| .3 | -n
L=—mx" ——kx°
2 )

(10.15)

0=0 [ Lar= [* 5L = [’6(%»&’—%h~’)dr

0= ["(miox - kxdx)di

Oox=—0x
dt

[’ midxdt = I'" mx ‘% (ox)dt = [: mid (Sx)
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r mxo xdt = m\"o'xl:: - I" Sxd(mx)
Oox=0 at ¢ and 1,
d(mx)= L (mx)dt = m¥dr
di
2 « v S o .
f mxoxdy = -I Sxmx dt

0= f: ( —-mXOx - kxo x )(II

mi+hkx=0
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